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INVARIANT SETS NEAR SINGULARITIES OF HOLOMORPHIC
FOLIATIONS
CÉSAR CAMACHO AND RUDY ROSAS
Abstract. Consider a complex one dimensional foliation on a complex sur-
face near a singularity p. If I is a closed invariant set containing the singularity
p, then I contains either a separatrix at p or an invariant real three dimensional
manifold singular at p.
We consider a one-dimensional holomorphic foliation F on a complex surface
V , with a singularity at p ∈ V . We assume that p ∈ V is a normal singularity
whose resolution graph is a tree; in particular we admit the possibility that p ∈ V
be a regular point of V . It is proved in [1] and [2] that for any such singularity
there exists at least one separatrix of the foliation, that is, there is a germ at
p ∈ V of an analytic curve invariant by the foliation. In this paper we study the
nature of the closed F -invariant sets near the singularity and their relations with
the separatrices of F . When (p, V ) = (0,C2) the foliation F can be represented by
a localholomorphic vector field and the singularity is called reduced if the linear part
of the vector field at p has eigenvalues λ1, λ2 ∈ C with λ1 6= 0 and such that λ =
λ2
λ1
is not a rational positive number. This last number will be called the eigenvalue of
the singularity. The singularity p is hyperbolic if λ ∈ C\R, it is a saddle if λ < 0,
it is a node if λ > 0, and it is a saddle-node if λ = 0. When the singularity of F
at 0 ∈ C2 is a node we have a particular kind of invariant sets. In this case there
are suitable local coordinates such that the foliation near p ∈ V is given by the
holomorphic vector field x ∂
∂x
+ λy ∂
∂y
and we have the multi-valued first integral
yx−λ. Then the closure of any leaf other than the separatrices is a set of type
|y| = c|x|λ, c > 0, which is called a nodal separator [8]. More precisely, we say that
a set S is a nodal separator for a node, if in linearizing coordinates as above we
have S = {(x, y) : |y| = c|x|λ} ∩B, c > 0, where in those coordinates B is an open
ball centered at the singularity. Clearly S is invariant by the foliation restricted to
B. In general, we say that a subset p ∈ S ⊂ V is a nodal separator at p if the strict
transform of S in the resolution1 of F is a nodal separator for some node in the
resolution. We recall that a germ (S, p) of analytic irreducible curve at p is called
a separatrix at p if it is invariant by F . We say that S1 is a representative of the
separatrix (S, p) if S1 = φ(D)
2 for a holomorphic injective map φ : D → V regular
on D\{0} and such that the germ of S1 at p coincides with (S, p).
Theorem 1. Let I ⊂ V be a closed F-invariant subset such that p ∈ I 6= {p}.
Then I contains a separatrix or a nodal separator at p.
1By a resolution we always means the minimal resolution.
2D = {z ∈ C : |z| < 1}
1
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In particular, if F does not contain nodes in its resolution then I contains a
separatrix. In fact, in this case we obtain a slightly stronger result. A dicriti-
cal component of the resolution of F is an irreducible component of the divisor
everywhere transverse to the reduced lifted foliation. We say that the foliation
F is non-dicritical whenever all the components of the resolution divisor are not
dicritical.
Theorem 2. Suppose that F is non-dicritical and contains no nodes in its resolu-
tion at p. Let S1, ..., Sr ⊂ V , r ≥ 1, be representatives of the separatrices of F at p
and for each j = 1, ..., r take a complex disc Σj ⊂ V passing transversely through a
point in Sj\{p}. Then the set
SatF(
r⋃
j=1
Σj)
is a punctured neighborhood of the singularity p ∈ V .
This is a generalization of the same statement in [9] for a generalized curve F
(as defined in [3]). In Theorem 17 we give a more detailed version of this theorem.
Remark 3. Theorems 1 and 2 are of local nature. If U is a neighborhood of p in
V , we can apply these theorems to U and F|U instead of V and F . Thus, for
example in Theorem 2, in order to obtain a punctured neighborhood of p it suffices
to saturate the sets Σj by the leaves of F|U . Of course in this case we must take
the Σj in U .
One of the ingredients in the proof of these results is Theorem 4, which we use
to relate the distribution of the separatrices and the saddle-node corners in the
resolution of the foliation. A particular version of this theorem is proved in [1]
and it is essentially the proof of the existence of separatrices. As an application
of Theorem 4 we give another proof of the so called Strong Separatrix Theorem
proved in [11].
1. weighted graph of a resolution and the existence of separatrices
A weighted graph is a connected graph Γ with vertices {v1, ..., vm} and at each
vj a nonzero number w(vj), called the weight of vj . The intersection matrix (αij)
of Γ is defined by αjj = w(vj) and αij =number of edges joining vi and vj if i 6= j.
Let M be a complex regular surface and D =
⋃
j∈J Pj ⊂ M a finite union
of compact regular Riemann surfaces with normal crossings. Each intersection
Pi ∩ Pj 6= ∅, i 6= j, is called a corner. The weighted graph Γ associated to D is
composed by the vertices {Pj}j∈J , with w(Pj) = Pj .Pj and such that there is an
edge between Pi and Pj for each point in the intersection Pi ∩ Pj . In this case the
intersection matrix is given by αjj = Pj .Pj and αij = card(Pi ∩ Pj) if i 6= j.
Let F˜ be a holomorphic foliation with reduced singularities defined on a neigh-
borhood of D in M and such that D is invariant by F˜ .
Theorem 4. Suppose that Γ is a tree with negative definite intersection matrix.
Then there exists a singular point q ∈ Pj0 , j0 ∈ J , outside the set of corners, such
that Re CS(Pj0 , q) < 0.
The complex number CS(Pj0 , q) is the Camacho-Sad’s index of q relative to Pj0 .
This theorem applies to the case where F is a holomorphic foliation defined on V
with a singularity at p ∈ V . In this case pi : M → V is the resolution of F at
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p ∈ V . Then M is a regular complex surface and pi−1(p) =
⋃
j∈J Pj is a finite
union of compact Riemann surfaces Pj with normal crossings and F˜ is the pull
back foliation pi∗F . It is well known ([4] , [6], [10]) that the intersection matrix of
the associated divisor is negative definite. Thus the above theorem generalizes the
following theorem proved in [1],
Theorem 5. Suppose V is a complex normal irreducible surface such that its res-
olution graph at p is a tree. If pi−1(p) =
⋃
j∈J Pj contains no dicritical compo-
nents, then there is a singular point q ∈ Pj0 , j0 ∈ J , not a corner, such that
CS(Pj0 , q) /∈ R≥0.
This implies the existence of separatrices for a holomorphic foliation defined on
V , singular at p ∈ V , whenever V is a normal irreducible surface whose resolution
graph at p is a tree. As in [1], the key for the proof of Theorem 4 is the following
proposition ([1], Proposition 2.1). First we fix any vertex m of Γ and introduce an
ordering of Γ such that:
(1) At any vertex there is at most one edge getting out
(2) m is a maximal element i.e. no edge gets out of m.
Clearly m is the sole maximal element. Given any vertex v we define n(v) as the
number of positive edges between v and m. The size of Γ is s = maxvn(v) and v is
at level l if l = s− n(v).
Proposition 6. Let Γ be an ordered weighted tree with negative definite intersection
matrix. Then there is a real negative map h defined on the set of vertices of Γ such
that
(1) If v is a minimal element of Γ, then h(v) = w(v).
(2) If v is not minimal and {vi1 , ..., vir} is the set of its immediate predecessors,
then
h(v) = w(v) −
r∑
j=1
1
h(vij )
.
1.1. Proof of Theorem 4. Proceeding by contradiction assume that any singular
point z, not a corner, is such that Re(CS(D, z)) ≥ 0. Take any component P of D
and consider the order of Γ such that P is a maximal element. Suppose Qr+1 is a
vertex at level one, Q1, ..., Qr all its predecessors (at level zero) and Qr+2 the only
successor of Qr+1 at level two. Write qj = Qr+1 ∩ Qj , j = 1, ..., r + 2, j 6= r + 1.
By the Camacho-Sad’s formula and Proposition 6
ReCS(Qj , qj) ≤ w(Qj) = h(Qj) < 0 for j = 1, ..., r.
Since the singular points are reduced,
ReCS(Qr+1, qj) = Re(
1
CS(Qj , qj)
) or ReCS(Qr+1, qj) = 0 > Re(
1
CS(Qj , qj)
).
In any case
ReCS(Qr+1, qj) ≥ Re(
1
CS(Qj, qj)
) ≥
1
ReCS(Qj , qj)
≥
1
h(Qj)
.
Again by Camacho-Sad’s formula
ReCS(Qr+1, qr+2) +
r∑
j=1
ReCS(Qr+1, qj) ≤ w(Qr+1),
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ReCS(Qr+1, qr+2) ≤ w(Qr+1)−
r∑
j=1
1
h(Qj)
= h(Qr+1) < 0,
so
ReCS(Qr+2, qr+2) ≥
1
ReCS(Qr+1, qr+2)
≥
1
h(Qr+1)
.
Proceeding by induction, if P1, ..., Pl are all the immediate predecessors of P and
pj = P ∩ Pj for j = 1, ..., l, then
l∑
j=1
ReCS(P, pj) ≥
l∑
j=1
1
h(Pj)
= w(P )− h(P ) > w(P )
which is a contradiction.
1.2. Strong Separatrix Theorem. If V is as in Theorem 5, we can apply The-
orem 4 to any connected non-dicritical subgraph Γ′ of the resolution graph Γ of
F . In this case, if {Pj}j∈J′ , J ′ ⊂ J are the vertices of Γ′, we find a singular point
q ∈ Pj0 , j0 ∈ J
′, q /∈ Pj , j ∈ J ′\{j0} such that ReCS(Pj0 , q) < 0. Of course it might
happen that q ∈ Pj with j ∈ J\J ′. Observe that the foliation may be dicritical,
that is, some components Pj , j ∈ J\J ′ may be non-invariant. As an application of
these considerations we give another proof of the following theorem proved in [11].
Theorem 7. (Strong Separatrix Theorem) The number of separatrices of an
isolated singularity of a planar holomorphic vector field is greater than the number
of nodal corner points in its resolution.
We say that a reduced singular point z is non-negative3 if z has two separatrices
S1, S2 with Re(CS(Si, z)) ≥ 0, i = 1, 2. If z is a saddle-node the above condition
means that the central manifold of z has Camacho-Sad index with nonnegative
real part. If z is not a saddle-node, that is, if z has eigenvalue λ 6= 0, then z is
non-negative if Re(λ) ≥ 04 and it is either a node or a hyperbolic singularity. Now,
it is sufficient to prove the following theorem, which improves Theorem 1.2 of [11].
Theorem 8. Let D be the exceptional divisor of the resolution at p ∈ V of F .
Then there exist at least one separatrix issuing from each connected component of
D∗ = D − {non-negative singularities} − {dicritical components}
Proof. Let D =
⋃
j∈J Pj and let D
′ =
⋃
j∈J′ Pj′ , J
′ ⊂ J be the closure of a
connected component of D∗. If we apply Theorem 4 to the graph associated to
D′ we obtain a singular point q ∈ Pj0 , j0 ∈ J
′, q /∈ Pj , j ∈ J ′\{j0} such that
ReCS(Pj0 , q) < 0. This last inequality shows that q /∈ Pj , j ∈ J\J
′, so q gives a
separatrix. 
Remark 9. Observe that Theorem 8 gives a especial kind of separatrices. In par-
ticular, if S is one such separatrix, then:
(1) S is the strong manifold of a saddle node in the resolution, or
(2) S passes through a singular point in the resolution with eigenvalue λ such
that ReCS(λ) < 0.
3This definition includes the bad points defined in [11].
4Observe that in this case we have sgnReCS(λ) = sgnReCS( 1
λ
). Then sgnReCS(λ) is well
defined and is an analytical invariant.
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The separatrices described in items (1) and (2) above will be called strong separa-
trices. Any other separatrix will be called weak separatrix 5.
Remark 10. Since each nodal singularity, not in a corner, yields a separatrix we
can replace in Theorem 7 the words "nodal corner" by "nodal". In fact, we can
replace "nodal corner" by "non-positive".
2. Approximation chains
Let D =
⋃
j∈J Pj be the exceptional divisor of the resolution of F at p ∈ V .
Definition 11. An approximation chain for F is a sequence of invariant compo-
nents Pj1 , ..., Pjn (j1, ..., jn ∈ J, n ∈ N) with the following properties:
(1) For each k = 1, ..., n− 1 we have that Pjk intersects Pjk+1at a point zk,
(2) The singularity at zk is not a node,
(3) If the singularity at zk is a saddle-node then its strong manifold is contained
in Pjk+1 ,
(4) Pjn contains a singularity q, not a corner, such that Re CS(Pjn , q) < 0.
We call Pj1 the starting component of the approximation chain.
The above definition is justified by the following dynamical property.
Proposition 12. Let q be as in (4) in the definition above and let S be the separatrix
through q transverse to Pjn . Let {xn}n∈N be a sequence of points outside D such
that xn tends to a regular point in Pj1 . Then for each n ∈ N there is a point yn in
the leaf through xn such that yn tends to a regular point in S.
The proof of this proposition is given below. The main result of this section is
the following existence theorem for approximation chains.
Theorem 13. Any non-dicritical component of the resolution of F is the starting
component of an approximation chain.
Proof. We introduce an order in the resolution graph Γ of F as follows: If Pi∩Pj 6= ∅
and z = Pi ∩ Pj is a saddle-node, then Pi < Pj whenever the strong manifold of
z is contained in Pj . If z = Pi ∩ Pj 6= ∅ and z has eigenvalue λ /∈ [0,+∞), then
Pi = Pj . Clearly the set of maximal elements is not empty. Let M be the union
of all maximal elements and Mc a connected component of M\{nodal corners}.
ThenMc =
⋃
j∈Jc
Pj , Jc ⊂ J and the components {Pj}j∈Jc are all of the same order.
This means that whenever i, j ∈ Jc and Pi ∩ Pj 6= ∅ then this intersection has
eigenvalue λ /∈ [0,+∞). Moreover, if z = Pi ∩ Pj and i ∈ Jc, j /∈ Jc we have the
following possibilities:
(1) z is a node,
(2) z is a saddle-node with strong manifold contained in Pi, or
(3) Pj is a dicritical component, so z is not singular for the foliation.
By Theorem 4 there is a singular point q ∈ Pj0 , j0 ∈ Jc, j0 /∈ Pj , j ∈ Jc\{j0}
such that Re CS(Pj0 , q) < 0. Therefore the possibilities (1),(2),(3) above show that
q /∈ Pj for j /∈ Jc, so q is not a corner.
Therefore, given any invariant component P in D, we find a sequence P =
Pj1 ≤ ... ≤ Pjn such that Pjn contains a singularity q, not a corner, such that
Re CS(Pjn , q) < 0. Clearly Pj1 , ..., Pjn is an approximation chain. 
5Strong and weak separatrices are defined only if F is non-reduced.
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For the proof of Proposition 12 we need the following Lemmas.
Lemma 14. Let F be a holomorphic foliation with a reduced singularity at 0 ∈ C2
and eigenvalue λ /∈ [0,∞). Let S be a separatrix through 0 ∈ C2. Let (pn)n∈N be
a sequence of points outside the separatrices such that pn → 0 as n → ∞. Then,
for each n ∈ N there exists a point qn in the leaf through pn such that qn tends to
a point in S\{0} as n→∞.
Proof. In a neighborhood of 0 ∈ C2 the foliation F is generated by a holomorphic
vector field Z
Z = λ1x(1 + · · · )
∂
∂x
+ λ2y(1 + · · · )
∂
∂y
,
with Re(λ1) > 0 > Re(λ2) and such that S is given by {y = 0}. Then in a
neighborhood U of 0 ∈ C2 we have Z = xA ∂
∂x
+ yB ∂
∂y
with Re(A) > 0 > Re(B).
Let φ be the real flow associated to Z and let a, b > 0 be such that
{|x| ≤ a, |y| ≤ b} ⊂ U.
Put φ(t, pn) = (x(t), y(t)) and g(t) = |x(t)|2. A straightforward computation shows
that
g′(t) = 2|x(t)|2Re{A(t)} > 0,
hence the function |x(t)| is strictly increasing. Analogously we prove that |y(t)| is
strictly decreasing. Thus, since pn = (x0, y0) with |x0| ≤ a and |y0| ≤ b we have
that the orbit of pn intersects the set {|x| = a, |y| ≤ b} at exactly one point qn.
Finally it is easy to prove that qn tends to a point in {|x| = a, y = 0} ⊂ S. 
Lemma 15. Let F be a holomorphic foliation with a saddle-node singularity at
0 ∈ C2. There is a neighborhood U of 0 ∈ C2 with the following property: If L is a
leaf of F|U other than the central manifold, then L contains the strong manifold of
the saddle-node.
Proof. This an easy consequence of the sectorial normalization theorem of Hukuhara-
Kimura-Matuda ([5]). We can find a simply statement of this theorem in [7]. 
Clearly Proposition 12 follows by successive applications of the following lemma,
which is a direct consequence of Lemmas 14 and 15.
Lemma 16. Let F be a holomorphic foliation with a reduced singularity at 0 ∈ C2
having two separatrices S1 and S2 and such that one of the following conditions
holds:
(1) The singularity at 0 ∈ C2 has eigenvalue λ /∈ [0,∞),
(2) The singularity at 0 ∈ C2 is a saddle-node with S2 as its strong manifold.
Let (xn)n∈N be a sequence of points outside the separatrices S1, S2 and such that
xn tends to a point in S1\{0} as n→∞. Then, for each n ∈ N there exists a point
yn in the leaf through xn such that yn tends to a point in S2\{0}.
3. Proof of Theorems 1 and 2
3.1. Proof of Theorem 2. Clearly Theorem 2 is a corollary of the following the-
orem.
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Theorem 17. Let pi : M → V be the resolution of F at p ∈ V and let D = pi−1(0).
Consider a connected component Dc of
D − {nodal singularities} − {dicritical components}
and set
D˜c = Dc − {nodal singularities}
Let S1, ..., Sr, r ≥ 1 be representatives of the strong separatrices
6.issuing from Dc
and for each j = 1, ..., r take a complex disc Σj passing transversely through a point
of Sj\{p}. Let S be a union of representatives of the weak separatrices issuing from
Dc. Then the set
SatF(
r⋃
j=1
Σj) ∪ S ∪ D˜c
is a neighborhood of D˜c in M . In particular, if F is a non-dicritical foliation
without nodes in its resolution, then
SatF(
r⋃
j=1
Σj) ∪ S
gives a punctured neighborhood of the singularity p.
Proof. Let B1, ..., Bl be small open balls centered at the nodal singularities in D
and set
K = D˜c − (B1 ∪ ... ∪Bl)
Ω = SatF(
r⋃
j=1
Σj) ∪ S ∪ D˜c.
Clearly K is compact. It is easy to see that, if the balls Bi are small enough and
Ω contains a neighborhood of K, then Ω contains a neighborhood of D˜c. Thus,
suppose by contradiction that Ω contains no neighborhood of K. Then we find a
sequence (xn)n∈N with xn → ζ ∈ K and such that xn /∈ Ω for all n ∈ N. Then
(1) ζ is a regular point contained in some non-dicritical component, or
(2) ζ is a non-nodal singularity in Dc.
In view of Theorem 13 and Proposition 12, in case (1) above we deduce that for
n big enough the leaf through xn is arbitrarily close to a strong separatrix, which
is contradiction. Suppose that ζ is a singularity with eigenvalue λ /∈ [0,∞) or a
saddle-node with strong manifold contained in D. Since xn /∈ Ω the points xn
are outside the separatrices {Sj : j = 1, ..., r} ∪ S issuing from Dc. Then we use
Lemmas 14 and 15 to obtain a sequence (yn)n∈N, with yn contained in the leaf
through xn and such that yn tends to a regular point in D, therefore we are again
in case (1). Finally, suppose ζ is a saddle-node with central manifold contained in
D. Then the strong manifold of ζ is a strong separatrix and Lemma 15 gives a
contradiction. 
6See remark 9
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3.2. Proof of Theorem 1. In fact, we will show the following alternative for I:
(i) either there is a neighborhood U of p ∈ V such that the set I ∩ U is a
union of a collection of nodal separators with a collection of representatives
of weak separatrices, or
(ii) I contains a strong separatrix.
Let N and D be respectively the set of nodal singularities in D and the set of
dicritical components of D. Take open sets Bj , j ∈ N and Ti, i ∈ D, with the
following properties:
(1) in linearizing coordinates for the node j ∈ N , we have that Bj is a ball
centered at j
(2) each Ti is a tubular neighborhood of the dicritical component i ∈ D
(3) each restriction F|Ti is a fibration by discs
(4) all the sets Bj and Ti are pairwise disjoint.
Set
D∗ = D −N −
⋃
i∈D
i,
D˜ = D∗ −N .
Let S be a union of representatives of the weak separatrices issuing from D∗ and
let S1, ..., Sr be representatives of the strong separatrices issuing from D
∗. Suppose
item (ii) of the alternative above does not hold. Then for each j = 1, ..., r we can
take a complex disc Σj disjoint of I and passing transversely through a point of
Sj\{p}. Then, if I∗ is the strict transform of I\{p} in the resolution of F , we have
that
(3.1) I∗ is disjoint of Ω := SatF(
r⋃
j=1
Σj).
By applying Theorem 17 to each connected component of D∗ we obtain that the
set
Ω ∪ S ∪ D˜
is a neighborhood of D˜.
Then
U := Ω ∪ S ∪ D˜ ∪
⋃
j∈N
Bj ∪
⋃
i∈D
Ti
is a neighborhood of the exceptional divisor D and by 3.1 above we deduce that I∗
is contained in
S ∪
⋃
j∈N
Bj ∪
⋃
i∈D
(Ti − Ω).
It is easy to see that the intersection I∗ ∩ (Ti − Ω) is a union of representatives of
weak separatrices7. On the other hand, since the intersection I∗∩Bj is an invariant
set of the node F|Bj , we deduce that
(1) I∗ ∩Bj is a union of nodal separators, or
(2) I∗∩Bj is the union of a representative of a weak separatrix with a collection
of nodal separators8.
7Each such one weak separatrix is a fiber of the fibration F|Ti
8This case can happen if the node j is not a corner
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Therefore I∗ ∩ U is a union of a collection of nodal separators with a collection of
representatives of weak separatrices, that is, item (i) of the alternative above holds.
4. Local minimal sets
In this section we give an interpretation of Theorem 1 in terms of minimal sets.
Let F be a holomorphic foliation on a complex surface V with a singularity at
p ∈ V .
Definition 18. Let M be a connected closed subset of V . We say that M is a
local minimal set at p if there is a neighborhood U of p in V such that the following
conditions hold:
(1) p is the only singular point of F|U
(2) {p} (M and M is invariant by F|U
(3) IfM′ ⊂M is a connected closed subset of a neighborhood U ′ ⊂ U of p with
{p} (M′ andM′ invariant by F|U ′ , thenM′ is the connected component
of M∩ U ′ containing p.
Theorem 19. If p ∈ V is a normal singularity and M is a local minimal set at p,
then there exists a neighborhood Ω of p in V such that
(1) M∩ Ω is a representative of a separatrix at p, or
(2) M∩ Ω is a nodal separator at p.
Proof. Let U be the neighborhood of p in V given in Definition 18. Suppose that
M contains a representative S of a separatrix at p. Take a neighborhood U ′ ⊂ U
of p such that S is closed in U ′. Then by item (3) of Definition 18 we have that S
is the connected component ofM∩U ′ containing p. Then (M∩U ′)\S is closed in
U and it does not contain the point p. Thus there is a neighborhood Ω ⊂ U ′ of p
such that M∩ Ω is contained in S. Clearly we can take Ω such that M∩ Ω is a
representative of a separatrix. IfM contains no representative of a separatrix, then
by Theorem 1 we have that M contains a nodal separator SN at p. By repeating
the arguments above with SN instead of S we obtain a neighborhood Ω of p such
that M∩Ω is a nodal separator at p.

Remark 20. LetM andM′ be local minimal sets at p. If there is a neighborhood Ω
of p such thatM∩Ω =M′∩Ω, then we can think thatM andM′ are "essentially"
the same local minimal set at p. In other words, we can define the notion of germ of
local minimal set at p. In this case the theorem above asserts that the separatrices
and the nodal separators are the only germs of local minimal sets at p.
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